In this paper, we prove the existence of a ground state solution for a quasi-linear singular elliptic equation in R N with exponential growth by using the mountain-pass theorem and the Vitali convergence theorem.
Introduction and main results
Let ⊂ R N be a bounded smooth domain; there are many results on the following problem: Let us consider the problem
where 
where N ≥ , f is continuous with subcritical growth and In this paper, we consider the problem
where N ≥ ,  ≤ η < N , V : R N → R is a continuous function satisfying the following hypothesis:
Furthermore, we assume that f : R → R is a continuous function satisfying:
where
Define a function space
which is equipped with the norm
we define a singular eigenvalue by
(q ≥ N ) and the Hölder inequality imply
where /t + /t = ,  < ηt < N , and thus
For all q ≥ N , the embedding
if V satisfies the following hypothesis:
Definition  We say that u ∈ E is a weak solution of problem (P η ) if
Define I : E → R by
From condition (f  ), it follows that there exist positive constants α and C  such that
, thus, I is well defined thanks to the Trudinger-Moser inequality and I ∈ C  (E, R). A straightforward calculation shows that
for all u, φ ∈ E, hence, a critical point of (.) is a weak solution of (P η ).
Definition  ([])
A solution u of problem (P η ) is said to be ground state if
where I : E → R is the functional associated to (P η ).
In this paper, we prove the existence of a ground state solution about problem (P η ) under weak conditions.
, η and σ are two numbers which satisfy
Let the function Q satisfy (Q  )-(Q  ) and
s N- is increasing for s >  then this solution is a ground state.
This paper is organized as follows: in Section , we introduce some preliminary results. In Section , we demonstrate Theorem ..
Preliminaries
Lemma . Let θ be the number given by the condition (f  ) and {u n } be a sequence satisfying
for some c > . Then there exist constants α > , t > , C > , independent of n, such that
for n large enough.
and ω N- is the measure of the unit sphere in R N .
Since  ≤ η < N , we have α > . Moreover, let
hence, passing to a subsequence, there exists n  ∈ N such that
From (.), we also have
For such t, we have
for each n ≥ n  . By the choice of β, we have
Then we conclude the proof by using the Trudinger-Moser inequality [, ].
Lemma . Suppose {u n } is bounded in E and the assumptions of
Proof From (f  ) and (f  ), for all ε >  and α, there exist positive constants δ, K , C, such that
Here, |B R ()| denotes the volume of the ball B R (). We can consider α >  given by (.) and Lemma . implies that there exists t >  such that, up to a subsequence,
and there exists C >  such that
By applying Hölder's inequality with exponents t and its conjugate t and using a continuous embedding, we see that there exist positive constants C  and C  such that
On the other hand, for all ε >  and all α > , there exists
Then we have
By considering α >  given by (.) and applying the Holder inequality with exponents r given by (Q  ), t given by (.), and N  such that
from the Hölder inequality and there being a continuous embedding, there exist positive constants C  and C  such that
Using (Q  ), we have
Thus, for R >  large enough,
From (.) and (.), the sequence
Vitali's theorem implies (.).
Firstly one proves that functional I has the geometry of the mountain-pass theorem, more exactly, we have the following lemma. (ii) There exists e ∈ B c r () with I(e) < .
By Lemma ., using a version of the mountain-pass theorem without the Palais-Smale condition (see [] ), we obtain the existence of a sequence {u n } in E satisfying
arbitrary Palais-Smale sequence, then {u n } is bounded and there exists a subsequence of
Furthermore, u is a weak solution of (P η ).
Proof of the theorem
Proof of Theorem . By Lemma . and Lemma ., we see that the Palais-Smale sequence {u n } at the mountain pass level c is bounded in E and its weak limit u is a critical point of the functional I.
We will show that u is nonzero. Since {u n } is a Palais-Smale sequence, Lemma . implies that
Recalling that u is a critical point of I, we conclude that
Since I ∈ C  (E, R), we have
and it is a contradiction because I(u n ) → c and c > . This way, we conclude that u is nonzero. Now, we will show that u is a ground state. Setting
Since {u n } is a Palais-Smale sequence, we see that 
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